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A fully analytical three-dimensional inverse method has been developed in order to evaluate contact
stress in the roll bite during rolling process. Stress measurements can be done by inserting ﬁbre optics
inside the roll body, (however no real measurements were available and simulations have been used
instead). The inverse method takes as inputs three independent measured (or simulated) components
of the stress tensor under the surface of the roll, and evaluates surface tractions of the roll especially
in the contact in the roll gap. Stress, deformation and displacements can be obtained in the whole roll
as well. This approach uses the theory of 3D isotropic elasticity and relies on displacement harmonic
and bi-harmonic potentials expanded into a double Fourier series along the circumferential and axial
directions. The identiﬁcation of the solution involves matrices of size (3  3) computed off-line. This sim-
ple solution involves mainly the on-line computation of Fast Fourier Transform (fft) of three inputs,
which takes 0.5 s for each (processor 2.8 GHz, time displayed by Scilab 5.3). Good accuracy is obtained,
and the number of sensors along the axial direction is studied. Thus, this work encourages the develop-
ment of an on-line industrial tool.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
Rolling conditions are more and more severe especially in terms
of rolling speeds, large reductions and hard steel grades. At the
same time more and more severe quality requirements should also
be met. That is why many simulations of the rolling process, com-
bining thermo-visco-plastic modeling of the strip and thermo-elas-
tic modeling of the roll, have been proposed. For example Jiang and
Tieu (2001) proposed a rigid plastic/visco-plastic FEM. Moreover
Montmitonnet (2006) proposed a review of numerical models for
hot and cold rolling process. Abdelkhalek et al. (2011) used the
older work of Hacquin (1996) and added the computation of the
post-bite buckling of the strip, in order to predict accurately ﬂat-
ness defects. Moreover Shahani et al. (2009) simulated a hot rolling
process of aluminum by FEM and used an artiﬁcial neural network
in order to predict the behaviour of the strip during the rolling pro-
cess (the artiﬁcial neural network being trained by the simulation).
Considering the highly three-dimensional problem all these works
are adapted for a 3D interpretation. Indeed, ﬂatness defects origin
is the difference between the incoming strip proﬁle and the work
roll deformed proﬁle. Therefore a good control of ﬂatness defects
implies a precise evaluation of three-dimensional deformations
of the work roll. Elastic deformation is mainly due to the unknownpressure and friction proﬁles occurring in the roll bite (and
depending on lubrication) and the bending moment along the axial
direction ensuring equilibrium. Thermal deformations are due to
temperature gradients resulting from heat transfers around the roll
(conduction in the roll bite, forced convection for the cooling sys-
tem, and free convection by the surrounding air). In this paper only
the elastic deformation is considered. Planar deformations are of-
ten assumed near the middle of the roll, and planar stresses at
the edges. However, the roll being wider than the strip a signiﬁcant
bending moment along the axial direction makes the elastic prob-
lem fully three-dimensional between the middle and the edges of
the roll. An accurate elastic proﬁle of the roll is therefore necessar-
ily derived from a 3D solution.
Predictive models are very useful to design ﬂatness control de-
vices. However, controlling and monitoring ﬂatness, thickness or
lubrication in real time during the rolling process by a close-loop
is aimed. Therefore, measurements interpretation for the evalua-
tion of contact stress in the roll gap is one of the major problem
for the rolling industry. Since the contact between the strip and
the roll should not be altered, inverse methods are needed.
Among a few two-dimensional contributions one can mention
the work of Schnur and Zabaras (1990) who developed an iterative
Finite Element Method which minimizes the gap between com-
puted and measured displacements. The work deals with any 2D
shapes with sensors under the surface. It is applied to rolling pro-
cess with very easy conditions, and the reconstruction of surface
Nomenclature
Rs outer radius (radius of the surface of the roll)
Rm inner radius (radius of the measurements)
l half length of the roll barrel
l half width of the strip
E Young modulus of the roll
m Poisson modulus of the roll
l0 friction coefﬁcient of simulations
k; l Lamé’s coefﬁcients of the roll
r; h; z cylindrical coordinates
er ; eh; ez cylindrical directions
x; y; z Cartesian coordinates
ex; ey; ez Cartesian directions
x rotation speed of the roll
f frequency of acquisition of measured stresses
ð::Þ rr; rh; rz; hh; hz or zz
ur Radial displacement
uh circumferential displacement
uz axial displacement
In modiﬁed Bessel function of n-order
U bi-harmonic displacement potential
W;/; c;w;/; c;w harmonic displacement potentials
rTð::Þ total stress tensor
rð::Þ stress tensor due to U;W;/; c and w
rð::Þ stress tensor due to /
; c and w
rmð::Þ measured stresses
rð::Þn;p Fourier coefﬁcient of rð::Þ
Sð::Þn;p Fourier coefﬁcient of rmð::Þ
Unp; eUnp unknown coefﬁcients in the expansion of U
Wnp unknown coefﬁcient in the expansion of W
An; Bn; Cn unknown coefﬁcients in the expansion of /; c and w
ak unknown coefﬁcients in the expansion of /; c and w
(k 2 1;2;3;4f gÞ
N truncation number according to n
P truncation number according to p
Mn;pðrÞ matrix of size (3 3)
jn;p condition number of Mn;pðrÞ
dn;p mean error in the calculation of S
ð::Þ
n;p
Tþ resultant traction at z ¼ L
Vþx ; V
þ
y resultant shears according to x or y coordinates at z ¼ L
Mþx ; M
þ
y ; M
þ
z resultant bending moments according to x; y or z
coordinates at z ¼ L
ð::Þ reconstruction error (percentage)
Nz number of sensors considered along the axial direction
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also an iterative Boundary Element Method (BEM), which inter-
prets the same rolling conditions. However, computation times
are long. On the other hand, Meierhofer and Stelson (1987)
proposed two-dimensional analytical developments. The method
involves an expansion of the Airy potential into a power series
(with additional terms) and an expansion of the stress measured
inside the roll into a Fourier series. Then, an identiﬁcation of the
coefﬁcients of both series is needed. To obtain enough equations,
the authors used measurements on two concentric circles. They
proposed measuring the stresses at two different points and at
two different radii (which is technologically very difﬁcult for
industrial mills). Moreover, many inversions of matrices of identi-
ﬁcation (well-conditioned if the two radii are sufﬁciently distinct
from each other) are needed. More recently Legrand et al.
(2012b) computed this method and investigated its effectiveness
by simulating several industrial conditions. The authors concluded
that, for common industrial rolling conditions, the method devel-
oped by Meierhofer and Stelson (1987) is quite accurate but hardly
usable because of the very long computation time. Moreover, the
authors demonstrate that the contact stress cannot be recon-
structed precisely under temper-rolling conditions (with extre-
mely sharp stress gradients and a very short roll bite). The recent
contribution of Weisz-Patrault et al. (2011) is successful under this
kind of condition and needs only one measurement point inside
the roll body. Moreover, the computation times are very short
(0.07 s/cycle). Weisz-Patrault et al. (2012a) proposed also a fast
analytical thermal inverse method (0.05 s/cycle), tested experi-
mentally (Weisz-Patrault et al., 2012b; Legrand et al., 2012a,
2013). Both elastic and thermal solutions are coupled analytically
by Weisz-Patrault et al. (2013) in order to compute thermal stress
(fatigue) and thermal expansion.
All these works are two-dimensional. There are only very few
attempts (or maybe none) to develop three-dimensional inverse
methods adapted for rolling process. This is mainly due to the fact
that numerical iterative formulations involve extremely long
computation times and stack size memory problems as mentioned
by Loulou and Artioukhine (2006). For analytical solutions thechallenge is that complex analysis cannot be used in 3D, and qua-
ternionic formulations are developed but not used practically
(Kutrunov, 1992; Tsalik, 1995; Bock and Gürlebeck, 2009). How-
ever different methods have been developed for other kinds of
elastic 3D inverse problems. For example Andrieux and Baranger
(2008) proposed an energy error-based method for 3D inverse
Cauchy problems (both displacement and surface tractions are
known for a part of the boundary and the remaining part should
be determined). Delvare et al. (2010) proposed an iterative 3D in-
verse method also for Cauchy problems. A 3D inverse Finite Ele-
ment Method adapted for frame structures has been developed
by Gherlone et al. (2012).
However, inverse methods for rolling process do not belong ex-
actly to these class of problems. In the ﬁeld of industrial inverse
method adapted for rolling process, sensors sufﬁciently robust to
resist high pressure and temperature levels are in development.
Thus, stress measurements by ﬁbre optics are studied (for instance
by Ferdinand et al., 2009), and the ﬁrst attempts are naturally
two-dimensional. However, industrial work rolls can be equipped
with several stress sensors under the surface, and three-
dimensional inverse method should be developed for
measurement interpretation.
2. Choice of the method
The main idea of this contribution is to solve analytically the di-
rect problem of a ﬁnite circular cylinder loaded by unknown sur-
face tractions for which an analytical form (expansion into
series) is given. The coefﬁcients are determined with stress mea-
surements inside the roll body. Equivalently, the direct problem
can be solved analytically for a sub-domain (in this paper: a circu-
lar cylinder of radius Rm) then the solution (valid in the whole roll)
is evaluated at the surface. Therefore, an efﬁcient direct analytical
method is needed.
A very general solution for the Neuman problem (surface trac-
tions imposed at the surface) for a general elastic body is proposed
in the book of Bui (2006). The solution relies on the Kelvin–
Somigliana tensor (equivalent to the Green tensor for elastostatic)
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which has been solved analytically by Pham (1967) who proved
that the solution can be expanded into an absolutely convergent
series. Although the solution is expressed analytically, it is not
judged as an analytical solution because the integrals involved in
the coefﬁcients of the expansion are computed numerically, which
is the basis of the Boundary Element Method. In the present case
and considering the very simple surface of the body (ﬁnite circular
cylinder), these integrals could have been analytically determined,
but it is not the case due to the complexity of the integrand. There-
fore, this direct solution has not been chosen as a basis for the pres-
ent inverse method.
Chau and Wei (2000) proposed a direct analytical solution of
a ﬁnite solid circular cylinder subjected to arbitrary surface load. A
signiﬁcant review of the extensive work done for the development
of direct analytical solutions for circular cylinders is presented. Thus,
several exact or approximative solutions have been derived for
special loads. For axisymmetric deformations, Love (1944) stress
function has been used by Saito (1952) to develop a general solution
which involves Bessel and modiﬁed Bessel function of the zero and
ﬁrst orders.With similar approachOgaki andNakajima (1983) stud-
ied a ﬁnite circular cylinder under parabolically distributed loads on
the central part of the end surfaces. For non-axisymmetric deforma-
tions Wijk (1980) proposed simple approximations for diametral
point load (known as Brazilian test) dedicated to the identiﬁcation
of tensile strength of rocks. A more general approach has been pub-
lished by Chau (1998) for diametral point loads.
The general analytic solution of Chau and Wei (2000) relies on
expansions of two displacement potentials into double trigono-
metric and hyperbolic Fourier and Fourier–Bessel series (Bessel
and modiﬁed Bessel functions). This method is quite complicated
since all the hyperbolic Fourier series are expanded again into
trigonometric Fourier series, in the same way modiﬁed Bessel
functions are expanded again into a Fourier–Bessel series. Trunca-
tions of the expansions of the arbitrary load are necessary to
identify all coefﬁcients. This is rigorously equivalent to approxi-
mate directly the arbitrary load. This solution could have been
used as a basis for the inverse method presented in this paper.
Thus, coefﬁcients could have been determined from measured
stresses inside the roll, and the solution extended by continuity to-
ward the surface. However, this interesting solution has not been
chosen.
The main reason is that the present inverse problem is under-
determined compared with the complete problem of Chau and
Wei (2000). Stress measurements are assumed to be done along
the axial direction under the surface of the roll, but at the ﬂat edges
of the roll no stress measurements are available. Indeed, as it can
be seen in Fig. 1, the work roll tapers conically at the edges and
therefore the precise local tractions are not known for surfaces
deﬁned by z ¼ L. Thus, the real unknown local tractions are not
taken into account, and are simply replaced by the general equilib-
rium. However, the Saint-Venant principle Saint-Venant (1855)
ensures that perturbations introduced with this assumption doesFig. 1. Schematic view.not spread much. The solution of Chau and Wei (2000) deals with
a local load at the ﬂat edges of the ﬁnite circular cylinder, and
many complexities are introduced for that purpose (expansion of
hyperbolic into trigonometric series and modiﬁed Bessel Fourier
series into Bessel Fourier series). Thus, a very large linear system
needs to be inverted. Considering that inverse problems are
ill-posed and especially elastic problems, large matrix inversion
is not recommended because of conditioning issue. Therefore, this
comprehensive solution appears to be complicated and not opti-
mised for the particular industrial need which is the subject of this
paper.
That is why, a third approach described in Section 3, more spe-
ciﬁc, has been chosen, so that an efﬁcient inverse solution can be
derived for industrial purpose.
3. Principles of the inverse method
3.1. First requirement
Several local stress sensors are embedded inside the roll body
and aligned along the axial direction at a radius called Rm (where
m means measured). The rotation of the roll enables to obtain
stress measurements along the circumferential direction (the num-
ber of measurement points is related to the frequency of acquisi-
tion and the rotation speed). This is equivalent to assume that
during a cycle variations of contact stress are small. A ﬁnely dis-
cretized measurement on a cylinder of radius Rm (3 mm below
the roll surface) is therefore obtained for each cycle. Thus, three
components of the stress tensor (rmrr ;rmrh and rmrz) are considered
because they correspond to a surface stress vector, the others
would not bring useful complementary information. For each cycle,
surface tractions of the cylinder of radius Rm are prescribed (they
correspond to the measurements) and this is the basis of a well-
posed direct problem. However, the problem is ill-posed for the
evaluation of stresses at the surface of the roll (beyond the radius
Rm). The question of sensors depth ðRs  RmÞ is therefore a signiﬁ-
cant issue but has already been studied in two-dimensions in a
previous paper (Weisz-Patrault et al., 2011). A good compromise
between accuracy and technological constrains is to place sensors
at 3 mm under the surface of the roll.
The three measured signals (rmrr ;rmrh and rmrz) are expanded into a
double Fourier series with h and z-dependencies. The number of
sensors along the axial direction and the frequency of acquisition
are signiﬁcant issues, because they determine respectively the
number of measurement points according to z and h, therefore they
determine the quality of the expansion into a double Fourier series.
The frequency of acquisition has already been studied in 2D in the
previous work of Weisz-Patrault et al. (2011). This paper focuses
on the number of sensors along the axial direction.
Two displacement potentials W and U respectively harmonic
and bi-harmonic are used to solve the elastic equation set, as de-
tailed in Section 6. Both potentials are also expanded into a double
Fourier series with h and z-dependencies. The problem is reduced
to the identiﬁcation of the coefﬁcients involved in the expansion
of the displacement potentials. This is done by matching rr; rh
and rz components of the stress tensor at the inner radius r ¼ Rm
and the measured stresses. Thus:
rrrðRm; h; zÞ ¼ rmrrðh; zÞ
rrhðRm; h; zÞ ¼ rmrhðh; zÞ
rrzðRm; h; zÞ ¼ rmrzðh; zÞ
8><>: ð1Þ
The identiﬁcation detailed in Section 8 is fairly easy. Instead of
inverting numerically a large linear system, a truly analytical solu-
tion is obtained with matrices of size (3  3). It should be noted that
the identiﬁcation of coefﬁcients of zero order according to the axial
1 Laplacian operator ðr; hÞ : r2ðr;hÞ ¼ @
2
@r2 þ 1r @@r þ 1r2 @
2
@h2
.
2 Laplacian operator: r2 ¼ r2ðr;hÞ þ @
2
@z2 .
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/; c and w (associated in the literature to Boussinesq and Zerna’s
names, for example in the book of Barber, 2003). This identiﬁcation
is detailed in Section 7.
3.2. Support reactions at the edges of the roll
On the other hand, the present solution does not enable to meet
some local requirements at the edges of the roll, because such
information is not available. Although the general equilibrium is
automatically veriﬁed, it can be interesting to control the resultant
forces (mean value) on each ﬂat edge of the roll (at z ¼ L and
z ¼ L). It is chosen for simplicity that resultant forces correspond
to the support reactions of an isostatic beam supported at both
ends. Thus, three additional harmonic displacement potentials
/; c and w are introduced for that purpose. Since the solution
is linear, displacements and stress ﬁelds obtained with these
additional potentials can be added to the previous ones. The com-
ponents of the stress tensor related to these additional potentials
are called rð::Þ (where ð::Þ is to be replaced by rr; rh; rz; hh; hz and
zz, and the superscript ⁄ is used to distinguished this part of the
solution from the ﬁelds obtained with U;W;/; c and w). Obviously
measured conditions (1) should not be modiﬁed by the introduc-
tion of potentials /; c and w, thus:
rrrðRm; h; zÞ ¼ 0
rrhðRm; h; zÞ ¼ 0
rrzðRm; h; zÞ ¼ 0
8><>: ð2Þ
Then the components rrzðr; h; LÞ; rhzðr; h; LÞ and rzzðr; h; LÞ should
verify a weak condition (mean value i.e., resultant forces) corre-
sponding to the support reactions at the edges of the roll as detailed
in Section 9.
3.3. Contact stress
Finally, the total elastic stress ﬁeld (and also displacements and
deformation ﬁelds) in the entire roll is obtained by adding rð::Þ and
rð::Þ and is called rTð::Þ (where T means total). The solution is evalu-
ated at the surface. The inverse method relies on this latter step.
Especially the contact stress is obtained at r ¼ Rs (where s means
surface). This simple analytic solution leads to quite short compu-
tation times, because the only time consuming part is the compu-
tation of three Fast Fourier Transform (fft). Each fft takes around
0.5 s (processor 2.8 GHz). Therefore, the inverse method is encour-
aging for the development of a tool intended for a close-loop
control.
4. Expression of measurements
Three components of the stress tensor rmð::Þðh; zÞ (where ð::Þ is to
be replaced by rr; rh and rz) are measured at the radius Rm inside
the roll body at different location along the axial direction. Interpo-
lation with cubic splines (or any other methods) is useful to obtain
a smooth signal with z-dependency. Naturally, an expansion into a
Fourier series is opportune:
rmð::Þðh; zÞ ¼
XN
n¼N
XP
p¼P
Sð::Þn;p exp i
pp
L
z
 
expðinhÞ ð3Þ
where the Fourier coefﬁcients of measured signals are given by:
Sð::Þn;p ¼
1
4pL
Z 2p
0
Z L
L
rmð::Þðh; zÞ exp i
pp
L
z
 
expðinhÞdhdz ð4Þ
These integrals (4) are quickly computed by Fast Fourier Transform
(fft). The higher the number of measurement points is (related tothe number of sensors along the axial direction and the frequency
of acquisition) and the better the accuracy of integrals (4) is. There
is an error dn;p between the real value of Sn;p and the computed value
(because of quadrature errors and noise), thus N and P cannot be ta-
ken as large as wanted. Section 11 deals with this issue.5. Condition
Considering that measured stresses are expanded into a double
Fourier series (3) it is appropriate to also expand the stress tensor
into a double Fourier series, thus (the symbol ð::Þ representing
rr; rh; rz; hh; hz or zz):
rð::Þðr; h; zÞ ¼
XN
n¼N
XP
p¼P
rð::Þn;pðrÞ exp i
pp
L
z
 
expðinhÞ ð5Þ
Coefﬁcients Sð::Þn;p being known (see Section 4), the condition (1)
matching rð::ÞðRm; h; zÞ and rmð::Þðh; zÞ (where ð::Þ is to be replaced by
rr; rh and rz) is simply reduced to (N 6 n 6 N and P 6 p 6 P):
rð::Þn;pðRmÞ ¼ Sð::Þn;p ð6Þ
Sections 6 and 7 deal with the latter condition (6) respectively for
p– 0 and for p ¼ 0. Finally the identiﬁcation is done in Section 8.6. Bi-harmonic model, p 6¼ 0
6.1. Displacement functions
Two classic displacement potentials (relying on the Galerkin’s
vector) W and U, respectively harmonic and bi-harmonic are
introduced:
2lur ¼ @2U@r @zþ 1r @W@h
2luh ¼ 1r @
2U
@h @z @W@r
2luz ¼  2ð1 mÞr2ðr;hÞUþ ð1 2mÞ @2U@z2
h i
8>><>>: ð7Þ
where
r2W ¼ 0
r4U ¼ r2r2U ¼ 0
(
ð8Þ
and r2ðr;hÞ is the Laplacian operator according to ðr; hÞ1 and r2 is the
Laplacian operator.2 Considering that the modiﬁed Bessel functions
In are introduced, it is easy to verify that Wðr; h; zÞ and Uðr; h; zÞ de-
ﬁned by (9) are respectively harmonic and bi-harmonic according
to (8).
Wðr;h;zÞ¼
XN
n¼N
XP
p¼P
p–0
pp
L
 2WnpIn ppL r exp i ppL z expðinhÞ
Uðr;h;zÞ¼
XN
n¼N
XP
p¼P
p–0
pp
L
 3
Unp
pp
L rI
0
n
pp
L r
 þ eUnpIn ppL r h iexp i ppL z expðinhÞ
8>>>>><>>>>>:
ð9Þ
Therefore the three-dimensional elastostatic problem is reduced
(for p– 0) to the identiﬁcation of the following complex unknowns:
8n 2 k  N;Nk; 8p 2 k  P; Pk; Wnp; Unp; eUnpn o ð10Þ
It should be noted that eUnp should not be understood as the complex
conjugate of Unp , it is another coefﬁcient of the expansion (U is sep-
arated into a harmonic part and a purely bi-harmonic part).
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The stress ﬁeld corresponding to potentials (9) is expressed as
functions of U and W:
rrr ¼ mr2 @U@z þ @
3U
@r2@z þ @@r 1r @W@h
 h i
rrh ¼ @@r 1r @
2U
@h@z
 
þ 12 1r @W@r þ 1r2 @
2W
@h2
 @2W
@r2
 h i
rrz ¼ ð1 mÞ @@rr2ðr;hÞ þ m @
3
@r@z2
h i
Uþ 12r @
2W
@h@z
rhh ¼ mr2 @U@z þ 1r @
2U
@r@z þ 1r2 @
3U
@h2@z
 @
@r
1
r
@W
@h
 h i
rhz ¼ ð1 mÞ 1r @@hr2ðr;hÞ þ mr @
3
@h@z2
h i
U 12 @
2W
@r@z
rzz ¼  ð2 mÞ @@zr2  @
3
@z3
h i
U
8>>>>>>>>><>>>>>>>>>>:
ð11Þ
Therefore by writing Eq. (11) and taking into account (5), the
following equation systems are obtained for fp ¼ ppr=L and p – 0:
rrrn;pðrÞ¼ i Unp InðfpÞ 2m1þ nfp
 2 
þ I0nðfpÞ fpþ n
2
fp
  
þ eUnpI00nðfpÞþWnpn I0n ðfp Þfp  In ðfp Þf2p
  	
rrhn;pðrÞ¼n UnpI00nðfpÞþ eUnp  In ðfp Þf2p þ I0n ðfp Þfp
  
þWnp  n
2
f2p
þ 12
 
InðfpÞþ I
0
n ðfp Þ
fp
 
rrzn;pðrÞ¼Unp n
2
fp
þfp
 
InðfpÞþ2ð1mÞI0nðfpÞ
 
 eUnp I0nðfpÞWnp n2fp InðfpÞ
rhhn;pðrÞ¼ i Unp 12mþ n
2
f2p
 
InðfpÞ n2fp I
0
nðfpÞ
 
þ eUnp n2f2p InðfpÞþ I0n ðfp Þfp
 
þWnp nf2p InðfpÞ
n
fp
I0nðfpÞ
  	
rhzn;pðrÞ¼ i Unp InðfpÞ2ðm1Þnfp nI
0
nðfpÞ
 
 eUnp nfp InðfpÞWnp I0n ðfp Þ2h i
rzzn;pðrÞ¼ i Unp 2ð2mÞInðfpÞfpI0nðfpÞ
  eUnp InðfpÞh i
8>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>:
ð12Þ7. Harmonic model, p ¼ 0
In the previous section, two displacement functions respec-
tively bi-harmonic and harmonic have been used in order to intro-
duce stress ﬁeld that can be matched with measured stress.
However it is assumed that p – 0, thus an other stress ﬁeld inde-
pendent of z variable should be added in the potential model.
Therefore, for p ¼ 0 the solution corresponds to a 2D problem. Only
very few possible solutions are obtained by taking p ¼ 0 in (9), that
is why it is very convenient to use for p ¼ 0 three other harmonic
displacement potentials related in the literature (in the book of
Barber, 2003) to Boussinesq and Zerna’s names:
2lur ¼ @/@r þ z @c@r þ 2r @w@h
2luh ¼ 1r @/@h þ zr @c@h  2 @w@r
2luz ¼ @/@z þ z @c@z  ð3 4mÞc
8><>>: ð13Þ
where r2/ ¼ r2c ¼ r2w ¼ 0.
The corresponding stress ﬁeld is expressed as functions of /; c
and w:
rrr ¼ @2/@r2 þ z @
2c
@r2  2m @c@z þ 2r @
2w
@r@h 2r2 @w@h
rrh ¼ 1r @
2/
@r@h 1r2 @/@h þ zr @
2c
@r@h zr2 @c@h þ 1r @w@r  @
2w
@r2 þ 1r2 @
2w
@h2
rrz ¼ @2/@r@z þ z @
2c
@r@z  ð1 2mÞ @c@r þ 1r @
2w
@h@z
rhh ¼ 1r @/@r þ 1r2 @
2/
@h2
þ zr @c@r þ zr2 @
2c
@h2
 2m @c
@z  2r @
2w
@r@hþ 2r2 @w@h
rhz ¼ 1r @
2/
@h@z þ zr @
2c
@h@z 12mr @c@h  @
2w
@r@z
rzz ¼ @2/@z2 þ z @
2c
@z2  2ð1 mÞ @c@z
8>>>>>>>><>>>>>>>>>:
ð14Þ
Three particular harmonic displacement potentials are chosen so
that corresponding stresses (components rr; rh and rz) evaluated
at r ¼ Rm are independent of z:/ðr;h;zÞ ¼A0  r22 þz2
 
þB0 3r2 z2 þ z3
 
þ2Re A1 3r32 6rz2
 
3B1rzþ 2ð1þ2mÞð45þ30mÞR2m ð2A1 þmC1Þ 
15r5
8 þ 45r
3 z2
2 15rz4
 n o
expðihÞ
h i
þ2Re
XN
n¼2
Anrn þBnrnzþCnrnðr2 2ð1þnÞz2Þ

 
expðinhÞ
" #
cðr;h;zÞ ¼ 31þmB0  r
2
2 þ z2
 
þ2Re 3C1rz 6ð45þ30mÞR2m ð2A1 þmC1Þ
15r3 z
2 10rz3
 n o
expðihÞ
h i
þ2Re
XN
n¼2
2ð1þnÞ
2m1 Cnr
nz expðinhÞ
" #
wðr;h;zÞ ¼ C0 3r48 3r2z2 þ z4
 
þ2Re 2imð45þ30mÞR2m ð2A1 þmC1Þ 
15r5
8 þ 45r
3 z2
2 15rz4
 n o
expðihÞ
h i
þ2Re
XN
n¼2
i
2Bnr
nzþ ið1mÞ12m Cnrnðr2 2ð1þnÞz2Þ
n o
expðinhÞ
" #
8>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>:
ð15Þ
Therefore the three-dimensional elastostatic problem is reduced
(for p ¼ 0) to the identiﬁcation of the following complex
unknowns:
8n 2 k0;Nk; An; Bn; Cnf g ð16Þ
Thus by using (14) it is obtained:
rrr0;0ðrÞ ¼ A0
rrh0;0ðrÞ ¼ 3r2C0
rrz0;0ðrÞ ¼  6ð1þmÞr1þ4m B0
rhh0;0ðrÞ ¼ A0
rhz0;0ðr; zÞ ¼ 12rzC0
rzz0;0ðzÞ ¼ 2 A0 þ 6ð1þmÞzB01þ4m
 
8>>>>>><>>>>>>:
ð17Þ
rrr1;0ðrÞ¼r 5þ2m3þ2m rRm
 2
ð2A1þmC1Þ3ð3A1þ2mC1Þ
 
rrh1;0ðrÞ¼ ir 3A1 12mð3þ2mÞR2m r
2ð2A1þmC1Þ
 
rrz1;0ðr;zÞ¼3B1 6ðR
2
mr2 Þ
R2m
ð2A1þmC1Þz
rhh1;0ðrÞ¼ r 1þ2m3þ2m rRm
 2
ð2A1þmC1Þþ3ðA1þ2mC1Þ
 
rhz1;0ðr;zÞ¼3i 2ð1þ2mÞ3þ2m rRm
 2
zð2A1þmC1Þþð4A1zþB1þ2mC1zÞ
 
rzz1;0ðr;zÞ¼6r 2þm3þ2m rRm
 2
 4ð1þmÞ3þ2m zRm
 2 
ð2A1þmC1Þð2A1þðm1ÞC1Þ
 
8>>>>>>>>>>><>>>>>>>>>>>:
ð18Þ
nP 2;
rrrn;0ðrÞ ¼ Annðn1Þð2m1Þr
n2þCnðn2Þðnþ1Þrn
2m1
rrhn;0ðrÞ ¼ i Annðn1Þð2m1Þr
n2þCnnðnþ1Þrn
2m1
rrzn;0ðrÞ ¼ Bn2 nrn1
rhhn;0ðrÞ ¼ Annðn1Þð2m1Þr
n2þCnðnþ2Þðnþ1Þrn
12m
rhzn;0ðrÞ ¼ iBn2 nrn1
rzzn;0ðrÞ ¼ 4Cnð1þnÞmr
n
12m
8>>>>>>><>>>>>>>:
ð19Þ8. Coefﬁcients extraction
8.1. Coefﬁcients extraction for p ¼ 0
Therefore by considering (17)–(19) the condition (6) simply
reduces to:
n¼0 A0 ¼Srr0;0 B0 ¼ 1þ4m6ð1þmÞRm S
rz
0;0 C0¼ 13R2m S
rh
0;0
n¼1 A1¼ Srr1;0 ð12mÞiS
rh
1;0 ð13þ10mÞ
36ð1þmÞRm B1 ¼
Srz1;0
3 C1¼
Srr1;0 ð7þ10mÞþiSrh1;0 ð17þ14mÞ
36mð1þmÞRm
nP2 An ¼ nS
rr
n;0þiðn2ÞSrhn;0
2nðn1ÞRn2m
Bn ¼ 2S
rz
n;0
nRn1m
Cn ¼ ðS
rr
n;0þiSrhn;0 Þð12mÞ
2ðnþ1ÞRnm
8>><>>: ð20Þ8.2. Coefﬁcients extraction for p – 0
Moreover by considering (12), condition (6) can be written in
matrix form:
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UnpeUnp
Wnp
0BB@
1CCA ¼
Srrn;p
Srhn;p
Srzn;p
0BB@
1CCA ð21Þ
where the coefﬁcients of the matrix of size (3  3) are given by:
Mn;p1;1ðrÞ ¼ i InðfpÞ 2m 1þ nfp
 2 
þ I0nðfpÞ fp þ n
2
fp
  
Mn;p1;2ðrÞ ¼ iI00nðfpÞ
Mn;p1;3ðrÞ ¼ in I
0
nðfpÞ
fp
 InðfpÞ
f2p
 
Mn;p2;1ðrÞ ¼ nI00nðfpÞ
Mn;p2;2ðrÞ ¼ n InðfpÞf2p 
I0nðfpÞ
fp
 
Mn;p2;3ðrÞ ¼  n
2
f2p
þ 12
 
InðfpÞ þ I
0
nðfpÞ
fp
Mn;p3;1ðrÞ ¼  n
2
fp
þ fp
 
InðfpÞ þ 2ð1 mÞI0nðfpÞ
 
Mn;p3;2ðrÞ ¼ I0nðfpÞ
Mn;p3;3ðrÞ ¼  n2fp InðfpÞ
8>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>:
ð22Þ
The matrixMn;p has a non-zero determinant and is therefore invert-
ible. The unknowns (10) are determined by:
UnpeUnp
Wnp
0BB@
1CCA ¼ Mn;pðRmÞ½ 1 
Srrn;p
Srhn;p
Srzn;p
0BB@
1CCA ð23Þ
Thus, for each pair (n;p) a matrix of size (3  3) is computed (before
the rolling process and stored in a library). Thus around N  P
matrices should be stored with N ’ 500 and P ’ 100.
9. Resultant forces at the edges of the roll
At this stage of the study, the stress ﬁeld veriﬁes the measured
condition (6), and the equilibrium is automatically veriﬁed. How-
ever, this equilibrium may correspond to any support system. This
section intends to choose the support system of the roll, since no
local requirements can be met, only resultant forces at the edge
of the roll (z ¼ L and z ¼ L) are considered. The idea is to solve
the support reactions of an isostatic beam supported at both ends,
considering the load which is the surface tractions measured at the
radius Rm and integrated over h. This is summarized in Fig. 2.
9.1. Harmonic model
Weak conditions at z ¼ L (the other edge is automatically equil-
ibrated) should therefore be veriﬁed by rTrz;rThz and rTzz (where rTð::Þ
is the total stress ﬁeld). All unknowns (10) and (16) are already
identiﬁed, that is why three additional harmonic displacement
potentials deﬁned by (24) and related to stresses by (25) are intro-
duced. Here the superscript ⁄ is used so that both stress ﬁelds rð::Þ
and rð::Þ are clearly distinguished, knowing that the total stress
ﬁeld is rTð::Þ ¼ rð::Þ þ rð::Þ. Thus boundary conditions (6) veriﬁed by
rð::Þ should not be modiﬁed by rð::Þ that is why the condition (2)
is also required for potentials /; c and w.
2lur ¼ @/

@r þ z @c

@r þ 2r @w

@h
2luh ¼ 1r @/

@h þ zr @c

@h  2 @w

@r
2luz ¼ @/

@z þ z @c

@z  ð3 4mÞc
8>><>: ð24Þrrr ¼ @
2/
@r2 þ z @
2c
@r2  2m @c

@z þ 2r @
2w
@r@h  2r2 @w

@h
rrh ¼ 1r @
2/
@r@h  1r2 @/

@h þ zr @
2c
@r@h  zr2 @c

@h þ 1r @w

@r  @
2w
@r2 þ 1r2 @
2w
@h2
rrz ¼ @
2/
@r@z þ z @
2c
@r@z  ð1 2mÞ @c

@r þ 1r @
2w
@h@z
rhh ¼ 1r @/

@r þ 1r2 @
2/
@h2
þ zr @c

@r þ zr2 @
2c
@h2
 2m @c
@z  2r @
2w
@r@h þ 2r2 @w

@h
rhz ¼ 1r @
2/
@h@z þ zr @
2c
@h@z  12mr @c

@h  @
2w
@r@z
rzz ¼ @
2/
@z2 þ z @
2c
@z2  2ð1 mÞ @c

@z
8>>>>>>>><>>>>>>>:
ð25Þ
Particular harmonic functions are proposed for /; c and w so
that rrr ; rrh and rrz automatically vanishes at r ¼ Rm (condition
(2)):
/ðr;h;zÞ¼ mðr22z2Þa1þ2Re expðihÞ r2 a2z 3ð1þ4mÞr2

þ6ð3þ2mÞR2mþ4ð1þ4mÞz2þ6iðr24z2Þa3Þ
cðr;h;zÞ¼ za1þ2Re expðihÞ 3r2m mðr24z2Þa24iza3
  
wðr;h;zÞ¼ z3 3r2z2
 
a4þ2Re expðihÞ r2ð2imzð3r2þ4z2Þa2þ3ðr24z2Þa3Þ
 
8>>><>>>:
ð26Þ
Thus by plugging (26) into (14) the stress ﬁeld corresponding to the
potentials /; c and w are obtained (and noted rð::Þ, where ð::Þ is to
be replaced by rr; rh; rz; hh hz or zz):
rrrðr; h; zÞ ¼ 0
rrhðr; h; zÞ ¼ 0
rrzðr; h; zÞ ¼ Re 3a2ð3þ 2mÞðR2m  r2Þ expðihÞ
h i
rhhðr; h; zÞ ¼ 0
rhzðr; h; zÞ ¼ Re 3ra4 þ 3ia2ðð1þ 2mÞr2 þ ð3þ 2mÞR2mÞ expðihÞ
h i
rzzðr; h; zÞ ¼ Re 2ð1þmÞm ma1 þ 6expðihÞrð2ma2zþ ia3Þð Þ
h i
8>>>>>><>>>>>>:
ð27Þ
The last unknowns to be determined are therefore a1;a2;a3 and a4.
This is the purpose of Section 9.3.
9.2. Expression of resultant forces at the edges
As shown in Fig. 2, resultant forces at the edges of the roll are
tractions T, shears Vx and V

y and bending moments M

x ;M

y
and Mz . Superscripts þ or  are related to the edge deﬁned by
z ¼ þL or z ¼ L, and subscripts x; y and z are related to the carte-
sian coordinates shown in Fig. 1. These resultant forces equilibrate
the stresses measured at the radius r ¼ Rm and along the axial
direction. Obviously, because of the general equilibrium T and
Tþ are related (as well as bending moments and shears).
Since at the edges of the roll tractions, shears and bending
moments can be transmitted (see Fig. 1), the support reaction of
a bi-embedded beam could be evaluated. However, the associated
isostatic beam is solved instead so that unnecessary complexities
are avoided. Thus it is demonstrated (proof appended in Appendix
A) that:
Mþx ¼ Mþy ¼ 0
Mþz ¼ 2LpR2mSrh0;0
Tþ ¼ 2LpRmSrz0;0
Vþx  iVþy ¼ 2pR2mSrz1;0  pRm
XP
p¼P
ðSrr1;p  iSrh1;pÞZp
8>>>><>>>>>:
ð28Þ
where
Zp ¼
2L p ¼ 0
 2ið1ÞpLpp p– 0
(
ð29Þ
Fig. 2. Support reactions, resultant forces.
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eral equilibrium is automatically veriﬁed.
9.3. Last unknwons
As shown in Fig. 2, support reactions that have been stated in
Section 9.2 should be equilibrated by resultant forces (and mo-
ments) of rTrz; rThz and rTzz. More precisely:R 2p
0
R Rm
0 r
T
zzðr; h; LÞrdrdh ¼ TþR 2p
0
R Rm
0 r
T
zzðr; h; LÞr2 cosðhÞdrdh ¼ MþyR 2p
0
R Rm
0 r
T
zzðr; h; LÞr2 sinðhÞdrdh ¼ MþxR 2p
0
R Rm
0 r
T
hzðr; h; LÞr2drdh ¼ MþzR 2p
0
R Rm
0 ðrTrzðr; h; LÞ cosðhÞ  rThzðr; h; LÞ sinðhÞÞrdrdh ¼ VþxR 2p
0
R Rm
0 ðrTrzðr; h; LÞ sinðhÞ þ rThzðr; h; LÞ cosðhÞÞrdrdh ¼ Vþy
8>>>>>><>>>>>>:
ð30Þ
Therefore, since rTð::Þ ¼ rð::Þ þ rð::Þ and by taking into account (5) on
the one hand and (27) on the other hand, conditions (30) become:
2pR2mð1þmÞa1 ¼ Tþ 2p
XP
p¼P
p–0
ð1Þp R Rm0 rzz0;pðrÞrdr2pR Rm0 rzz0;0ðLÞrdr¼ T
3p
2 R
4
ma4 ¼Mþz 2p
XP
p¼P
p–0
ð1Þp R Rm0 rhz0;pðrÞr2dr2pR Rm0 rhz0;0ðr;LÞr2dr¼Mz
6ð1þmÞ
m pR
4
mð2Lma2þ ia3Þ¼Mþy  iMþx 2p
XP
p¼P
p–0
ð1Þp R Rm0 rzz1;pðrÞr2dr
þR Rm0 rzz1;0ðr;LÞr2dr
2666664
3777775¼Mx;y
12pR4mð1þmÞa2 ¼Vþx  iVþy 2p
XP
p¼P
p–0
ð1Þp R Rm0 ðrrz1;pðrÞ irhz1;pðrÞÞrdr
þR Rm0 ðrrz1;0ðr;LÞ irhz1;0ðr;LÞÞrdr
2666664
3777775¼Vx;y
8>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>:
ð31Þ
And ﬁnally:
a1 ¼  T

2pR2mð1þ mÞ
a2 ¼ V x;y
12pR4mð1þ mÞ
a3 ¼ im
LVx;y Mx;y
6pR4mð1þ mÞ
a4 ¼ 2M

z
3pR4m
ð32ÞIntegrals involved in (31) can be easily evaluated analytically:
8p–0;
R Rm
0 r
zz
0;pðrÞrdr¼ iRmpp L eU0p2ðm2ÞU0p I1 ppRmL þU0pppRmI2 ppRmL h iR Rm
0 r
hz
0;pðrÞr2dr¼
iW0pLR
2
m
2pp I2
ppRm
L
 
R Rm
0 r
zz
1;pðrÞr2dr¼ iR
2
m
pp L
eU1p þð52mÞU1p I2 ppRmL þU1pppRmI3 ppRmL h iR Rm
0 ðrrz1;pðrÞ irhz1;pðrÞÞrdr¼ Rm2pp L 2 eU1p þW1p þð64mÞU1p I1 ppRmL h
þ2U1pppRmI2 ppRmL
 i
8>>>>>><>>>>>>:
ð33Þ
and:R Rm
0 r
zz
0;0ðr;LÞrdr¼RmðRmSrr0;0þLSrz0;0ÞR Rm
0 r
hz
0;0ðr;LÞr2dr¼R2mLSrh0;0R Rm
0 r
zz
1;0ðr;LÞr2dr¼RmL
2
2 ðSrr1;0 iSrh1;0ÞR3m
Srr1;0ðmð4m5Þ7ÞiSrh1;0ðmð4mþ19Þþ17Þ
24mð1þmÞR Rm
0 ðrrz1;0ðr;LÞ irhz1;pðrÞÞrdr¼Rm LðSrr1;0 iSrh1;0ÞRmSrz1;0
 
8>>>><>>>>>:
ð34Þ10. Contact stress
10.1. Reconstruction of contact stress procedure
In Section 8, all coefﬁcients of biharmonic and harmonic dis-
placement potentials have been determined as functions of Fourier
coefﬁcients of the measured stresses deﬁned by (4). In Section 9 an
additional stress ﬁeld has been introduced in order to specify the
support system of the roll (considered as a beam). Therefore the
complete stress ﬁeld in the whole roll is determined (including
at the surface) by using Eqs. (17), (18), (19) and (12) with coefﬁ-
cients (20) and (23) on the one hand, and by using Eq. (27) with
coefﬁcients (32) on the other hand.
The contact stress in the roll bite is of particular interest and is
expressed as follows (the symbol ð::Þ is to be replaced by rr; rh or
rz):
rTð::ÞðRs; h; zÞ ¼ rð::ÞðRs; h; zÞ þ rð::ÞðRs; h; zÞ ð35Þ
where:
rrrðRs; h; zÞ ¼ rrhðRs; h; zÞ ¼ 0rrzðRs; h; zÞ
¼ ð3þ 2mÞðR
2
m  R2s ÞVx;y
4pR4mð1þ mÞ
expðihÞ ð36Þ
where:
Table 1
Parameters for cold rolling conditions.
Rs (mm) 277.5
Rm (mm) 274.5
L (mm) 700
l (mm) 427.5
ti (mm) 0.355
tf (mm) 0.252
E (MPa) 210000
m (–) 0.3
l0 (–) 0.025
x (rad/s) 2p
f (Hz) 3000
Fig. 3. Condition number.
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XN
n¼N
XP
p¼P
rð::Þn;pðRsÞ exp i
pp
L
z
 
expðinhÞ ð37Þ
where for p– 0:
rrrn;pðRsÞ
rrhn;pðRsÞ
rrzn;pðRsÞ
0B@
1CA ¼Mn;pðRsÞ  Mn;pðRmÞ½ 1:
Srrn;p
Srhn;p
Srzn;p
0BB@
1CCA ð38Þ
and for p ¼ 0 Eqs. (17)–(19) should be evaluated at r ¼ Rs with coef-
ﬁcients (20).
This paper focuses on contact stress determination, however
since potentials are directly related to displacements (and defor-
mation) the whole displacement ﬁeld can be obtained in the end
(when potentials are identiﬁed) by using deﬁnitions (7), (13) and
(24).
11. Truncation
The matrice Mn;pðRsÞ: Mn;pðRmÞ½ 1 is needed for the extraction of
unknowns (10). Therefore an important issue is the following norm
jn;p. A small error done on the Fourier coefﬁcients Sð::Þn;p is multiplied
by an ampliﬁcation factor of the same order of magnitude as jn;p:
jn;p ¼ kMn;pðRsÞ Mn;pðRmÞ1k ð39Þ
where the norm of any matrix M is deﬁned by kMk ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃTrðtM MÞp .
The norm jn;p (computed for the parameters listed in Table 1) in-
creases with n and p as it can be seen in Fig. 3. Therefore, if dn;p is
the average error in the calculation of Sð::Þn;p (ð::Þ being rr; rh and rz),
then resulting errors in the calculation of Unp; eUnp and Wnp will beFig. 4. Prescribed contact stress for cold rolling conditions.
Fig. 5. Computed stress (replacing measurements) for cold rolling conditions.
Table 2
Quantiﬁed error for Nz ¼ 500.
rr rh rz
N 500 500 500
P 100 100 200
 2.6% (Fig. 6) 4.5% (Fig. 7) 32.7% (Fig. 8)
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dn;p depends highly on the number of measurement points and also
on the variations of signals. Thus, in order to ensure convergence,
truncation numbers N and P should be chosen so that the error
jn;pdn;p stays much smaller than Unp; eUnp and Wnp . One can mention
the fact that the norm jn;p increases much more rapidly according
to p than according to n. This explains that in the following (see Ta-
ble 3) P < N, especially when the error dn;p becomes signiﬁcant
(when only a few measurement points are considered). In a previ-
ous paper, Weisz-Patrault et al. (2011) proposed a rule of thumb
for the two-dimensional problem, which evaluates automatically
the truncation number N just by considering some criteria of singu-
larity of input signals. Comparable approach could have been used
in the present paper. However in the following (for simplicity rea-
sons) truncation numbers N and P have been chosen manually.12. Validation of the method
12.1. Procedure
The validation of the effectiveness of the analytical inverse
solution is demonstrated as follows. No measurements wereavailable, thus simulations of contact stress during cold rolling
have been produced. Cold rolling process is simulated by a 3D
thermo-mechanical strip/roll stack coupled model proposed by
Hacquin (1996). This model called Lam3/Tec3 is a software devel-
oped by Cemef, Transvalor, ArcelorMittal Research and Alcan, and
it solves the strip elastic-viscoplastic strain by 3D FEM, and the
roll stack elastic deformation by semi-analytical models. The
aim of the paper is not at simulating rolling process but at devel-
oping inverse analysis dedicated to measurement interpretation.
These simulated contact stress are only used as possible condi-
tions for a work roll during cold rolling process for the only
purpose of validating the presented method. Therefore the formu-
lation of the model Lam3/Tec3 Hacquin (1996) is not reminded in
this paper.
Among other outputs, Lam3/Tec3 Hacquin (1996) produces the
three-dimensional contact stresses for cold rolling conditions (see
Fig. 4) called rpð::Þðh; zÞ (where p means prescribed). Then the stress
ﬁeld inside the roll (at r ¼ Rm) is computed (see Fig. 5) and
replaces measurements (denoted by rmð::Þðh; zÞ). Then the inverse
method presented in this paper is used to compute the contact
stress called rTð::ÞðRs; h; zÞ. An error estimator between the recon-
struction of contact stress and the prescribed contact stress is
used to evaluate the quality of the method. The error  given in
(40) is used as a percentage (the symbol ð::Þ being replaced by
rr; rh or rz):
ð::Þ ¼ 100
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃR L
L
R 2p
0 rTð::ÞðRs; h; zÞ  rpð::Þðh; zÞ
h i2
dhdzR L
L
R 2p
0 r
p
ð::Þðh; zÞ
h i2
dhdz
vuuuut ð40Þ
Fig. 6. Reconstruction of contact stress (rr) for Nz ¼ 500.
Fig. 7. Reconstruction of contact stress (rh) for Nz ¼ 500.
Fig. 8. Reconstruction of contact stress (rz) for Nz ¼ 500.
Table 3
Quantiﬁed error for Nz ¼ 50.
rr rh
N 500 500
P 50 20
 5.7% (Fig. 9) 23.5% (Fig. 10)
Table 4
Quantiﬁed error for Nz ¼ 10.
rr rh
N 500 500
P 50 20
 21% (’Fig. 9) 26% (’Fig. 10)
Fig. 9. Reconstruction of contact stress (rr) for Nz ¼ 50.
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Very thin strips can be rolled. Thus the arc of contact between
the strip and the roll is extremely reduced, which leads to very
sharp gradients. In the following the inverse method is tested
under this kind of severe cold rolling conditions. The prescribed
surface tractions (contact stresses) extracted from Lam3/Tec3
Hacquin (1996) are presented in Fig. 4. It corresponds to typical
cold rolling conditions whose parameters are listed in Table 1.
There is an edge effect along the axial direction at strip edges, then
stresses vanish. It can be noted that the rz component is almost
zero everywhere because the relative speed (along the axial direc-
tion) between the strip and the roll is negligible excepted at strip
edges where three-dimensional effects become signiﬁcant. The
elastic stress (inputs replacing measurements) computed at the in-
ner radius r ¼ Rm are presented in Fig. 5.
By selecting this very severe rolling conditions with very steep
gradients, the limits of the method are tested. However, another
study can be proposed with a focus on hot rolling conditions with
thicker strips and larger contact lengths. It is possible to map the
error levels as a function of the practical difﬁculty of the rolling
operation. This kind of work has been done in 2D in the previous
paper of Weisz-Patrault et al. (2011), but not in this paper for sim-
plicity reasons (theoretical developments being the main purpose).Fig. 10. Reconstruction of contact stress (rh) for Nz ¼ 50.
Noise (MPa)12.3. Reconstruction and discussion
12.3.1. Theoretical solution
Contact stresses are reconstructed with the presented inverse
method. As it can be seen in Fig. 4 variations of stresses along
the axial direction is quite similar to a discontinuity near the strip
edges. Therefore, theoretically many points are needed in this area
in order to compute accurately integrals (4). Thus, a large number
of sensors are considered along the axial direction. The number of
measurement points is called Nz and is ﬁxed to 500, which corre-
sponds to a distance from one sensor to another of 2.8 mm. Results
(listed in Table 2 and presented in Figs. 6–8) are excellent, recon-
structed and prescribed stress can hardly be distinguished ex-
cepted at z ¼ l. For the component rz interesting signal is
concentrated near z ¼ l, that is why the error rz is higher than
for rr and rh (the amplitude of the signal is also much smaller).Fig. 11. Artiﬁcial noise added to the inputs.
Table 5
Quantiﬁed error for Nz ¼ 50 with noise.
rr rh
N 500 500
P 50 20
 11.5% (’Fig. 9) 24% (’Fig. 10)12.3.2. Industrial solution
However, practically it could be difﬁcult to introduce a large
number of sensors along the axial direction for both economical
and technological reasons. In this Section the number of sensors
Nz is ﬁxed to 50 then to 10 (because even 50 sensors could be dif-
ﬁcult to insert inside the roll body), which corresponds to a dis-
tance from one sensor to another of 2.8 cm or 14 cm. Thus, sharp
variations of stresses along the axial direction near strip edges
are not sufﬁciently well detailed. Thus, the integrals (4) are com-
puted with a non-negligible error, and the truncation number P
is decreased to prevent the solution from diverging.
Results (listed in Tables 3 and 4 and presented in Figs. 9 and 10)
are accurate for the major part of the roll, but do not enable a good
reconstruction of the edge effect near strip edges at z ¼ l. Results
are very similar with only 10 sensors, this is due to the fact that
stress variations are quite small along the axial direction, and the
edge effect is already lost with 50 sensors, therefore even 10 sen-
sors are sufﬁcient. Moreover rTrzðRs; h; zÞ cannot be reconstructed
with an error over 100%. This is due to the fact that the component
rz of the stress tensor evaluated at r ¼ Rs is zero everywhere ex-
cepted at strip edges, thus since the density of sensors is not sufﬁ-
cient in this area (considering the very sharp variations), the most
signiﬁcant part of information is not taken into account.It can be noticed that P is taken smaller for the reconstruction of
shear stress than for normal stress. This is due to the fact that the
magnitude of shear stress is much smaller (around 20 times) than
the magnitude of normal stress, therefore an error dn;p is much
more visible for shear stress especially because jn;p (the order of
magnitude of the errors ampliﬁcation) increases sharply according
to p. However it can be seen that jn;p does not increase signiﬁcantly
according to n (for a determined p), that is why it is possible to
keep the same N for both reconstructions of shear and normal
stresses.
12.3.3. Industrial solution with noise
The measurements are carried out practically with noise. This
section demonstrates that, by applying a low pass ﬁlter on the
measurements, noise does not compromise the method. Since no
measurements were available, artiﬁcial noise is added to the in-
puts. Classically, noise affects mainly high frequencies. Thus, ran-
dom numbers have been added to the inputs in the frequency
domain, mainly for high frequencies (amplitude 100), and a much
smaller white noise (on all frequencies) has also been added
Fig. 12. Comparison of 2D/3D methods for rrr ; z ¼ l=2 and Nz ¼ 50.
Fig. 13. Comparison of 2D/3D methods for rrh; z ¼ l=2 and Nz ¼ 50.
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rolling process for temperature measurements done by Legrand
et al. (2012a, 2013). A sample of the resulting artiﬁcial noise is
presented in Fig. 11. Then, a low pass ﬁlter is applied in order to
reduce the noise and apply the inverse method. Accuracy is not
compromised as shown in Table 5. In practice it seems necessary
to analyze the fft of the input signal so that the parameters of
the ﬁlter can be adjusted. But since the fft is already computed
for the inverse method, this step does not add signiﬁcant computa-
tion time.13. Comparison with an analytical 2D inverse method
In this paper a truly three-dimensional inverse method has
been developed instead of a two-dimensional inverse method
applied several times at the different axial locations where the
sensors are inserted. The main advantage of this approach is to
equilibrate the roll globally at the edges and not separately each
section (at the different axial positions where the sensors are in-
serted) for the 2D inverse method. In the latter case, errors related
to the bending of the roll are introduced. Figs. 12 and 13 present a
comparison, for a particular axial position, between the reconstruc-
tions of contact stresses with the present 3D inverse method and
the previous 2D inverse method proposed by Weisz-Patraultet al. (2011), where input stresses are equilibrated at the radius
Rm (and not at the center of the roll). A better accuracy is demon-
strated for the 3D inverse method.14. Conclusion
A truly three dimensional inverse analytical method has been
successfully developed. The presented solution has been designed
mainly to estimate the contact stress in the roll bite. But complete
stress tensor, displacements and deformation can be derived from
the method also, and be evaluated in the whole roll. The method
interprets measurements (replaced in this paper by simulations)
of several sensors (ﬁbre optics) fully embedded under the surface
of the roll and aligned along the axial direction. The numerical
results presented in this paper are satisfying under severe cold
rolling conditions considering that sensors are embedded at
3 mm from the surface of the roll, and considering or not noise
affecting mainly high frequencies (and then ﬁltered by a low pass
ﬁlter). The number of sensors has been studied. Theoretically a
high density of sensors is needed if edge effects near strip edges
have to be evaluated. However, industrially it can be difﬁcult to
insert such a number of sensors for both economical and techno-
logical reasons, therefore it is acceptable to insert much less sen-
sors (only 10) if edge effects near strip edges are not of particular
interest, consequently component rz (being concentrated only near
strip edges) cannot be evaluated in this case. Furthermore, this
simple solution involves the on-line computation of Fast Fourier
Transform (fft) of three inputs, which takes 0.5 s for each (proces-
sor 2.8 GHz, time displayed by Scilab 5.3). A considerable improve-
ment could be the translation of the program in a compiled
language (much faster) so that computation times could be closer
from on-line interpretation (close loop control), moreover it is pos-
sible to use three independent processors in order to compute
simultaneously the three fft.Appendix A. Support reactions of an isostatic beam supported at
both ends
The support reaction of a beam loaded by forces Fx; Fy and Fz
per unit length and bending moments mx; my and mz per unit
length should be evaluated:
FxðzÞ ¼ Rm
R 2p
0 r
m
rrðh; zÞ cosðhÞ

rmrhðh; zÞ sinðhÞ

dh
FyðzÞ ¼ Rm
R 2p
0 r
m
rrðh; zÞ sinðhÞ

þrmrhðh; zÞ cosðhÞ

dh
FzðzÞ ¼ Rm
R 2p
0 r
m
rzðh; zÞdh

mxðzÞ ¼ R2m
R 2p
0 r
m
rzðh; zÞ sinðhÞdh
myðzÞ ¼ R2m
R 2p
0 r
m
rzðh; zÞ cosðhÞdh
mzðzÞ ¼ R2m
R 2p
0 r
m
rhðh; zÞdh
ðA:1Þ
Therefore by taking into account (3):
FxðzÞ  iFyðzÞ ¼ 2pRm
XP
p¼P
ðSrr1;p  iSrh1;pÞ exp i ppL z
 
FzðzÞ ¼ 2pRm
XP
p¼P
Srz0;p exp i
pp
L z
 
myðzÞ  imxðzÞ ¼ 2pR2m
XP
p¼P
Srz1;p exp i
pp
L z
 
mzðzÞ ¼ 2pR2m
XP
p¼P
Srh0;p exp i
pp
L z
 
8>>>>>>>>><>>>>>>>>>>:
ðA:2Þ
Since at the edges of the roll traction, shear and bending moments
can be transmitted (see Fig. 1), the support reaction of a bi-embed-
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beam is solved instead so that unnecessary complexities are
avoided. Therefore:
Mþx ¼ Mx ¼ 0
Mþy ¼ My ¼ 0
Mþz ¼ Mz ¼ 12
R L
L mzðzÞdz
Tþ ¼ T ¼ 12
R L
L FzðzÞdz
Vþy ¼ 12L
R L
L mxðzÞdz 12L
R L
L FyðzÞðzþ LÞdz
Vþx ¼  12L
R L
L myðzÞdz 12L
R L
L FxðzÞðzþ LÞdz
8>>>>>><>>>>>>:
ðA:3Þ
Thus by taken into account (A.3):
Mþx ¼ Mþy ¼ 0
Mþz ¼ 2LpR2mSrh0;0
Tþ ¼ 2LpRmSrz0;0
Vþx  iVþy ¼ 2pR2mSrz1;0  pRm
XP
p¼P
ðSrr1;p  iSrh1;pÞZp
8>>>>><>>>>:
ðA:4Þ
where:
Zp ¼
2L p ¼ 0
 2ið1ÞpLpp p– 0
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